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We examined the proximity effect in granular films made of Pb, a superconductor, and Ni, a
ferromagnet, with various compositions. Slow decay of the critical temperature as a function of the
relative volume concentration of Ni per sample was demonstrated by our measurements, followed
by a saturation of Tc. Using an approximate theoretical description of our granular system in terms
of a layered one, we show that our data can only be reasonably fitted by a trilayer model. This
indicates the importance of the interplay between different ferromagnetic grains, which should lead
to triplet Cooper pairing.
I. INTRODUCTION
Triplet pairing is known as a rather exotic phe-
nomenon, which is expected to be very sensitive to disor-
der and spin orbital interaction1, making its observation
very challenging. Nevertheless, evidence for triplet pair-
ing was found in a few systems, including superfluid 3He,2
and the superconducting perovskite Sr2RuO4.
3 The pos-
sibility of generating a triplet superconducting compo-
nent due to the proximity effect between singlet super-
conductors (S) and non-homogeneous ferromagnets (F)
is among the many fascinating proximity-affected phe-
nomena studied in such hybrid systems.
Theoretically, the suppression of superconductivity in
SF layered structures is caused mainly by the exchange
interaction of the ferromagnet: the exchange field in a
typical ferromagnet is by orders of magnitude larger than
the BCS energy gap, interpreted here as the Cooper bind-
ing energy. As a result, singlet Cooper pairs, composed
of electrons of opposite spin orientations, cannot pene-
trate into the F layers beyond the typically short mag-
netic length. To put it differently, singlet Cooper pairs
are easily destroyed, since the spins of the electrons can-
not be antiparallel in the presence of the ferromagnetic
exchange field. The situation might be different if the
spins of the superconducting Cooper pairs were parallel
to each other. Clearly, such triplet Cooper pairs would
not be sensitive to the ferromagnetic exchange field, and
some sort of coexistence of superconductivity and fer-
romagnetism would become possible. Thus, the critical
temperature of the system would decay more slowly and
might even display reentrant behavior.
In line with this, in SF multilayers, it has been shown
theoretically4 that the Cooper pair-breaking effect can
depend on the relative orientation of the magnetic mo-
ments in the F layers. In particular, the critical tem-
perature Tc exhibits reentrant behavior and a local max-
imum as function of the F layers’ thickness. Although
in these systems only a spin-singlet pairing component
exists in the bulk superconductor, the interplay between
ferromagnetism and superconductivity gives rise to the
emergence of long-range spin triplet components in FSF
structures, when the magnetic moments in each of the F
layers are non-collinear5. It has been found experimen-
tally by Shelukhin et al.6, that these layered structures
exhibit non-monotonic behavior of Tc as a function of
the thickness df of the ferromagnetic layer, in compli-
ance with the predicted formation of a pi-phase junction,
which occurs when a ferromagnet is sandwiched between
two superconductors with order parameters of opposite
sign7–10. Similar results have also been shown11,12 for
the short range spin triplet component.
In this paper, we report studies of the critical tem-
perature variations as a function of the relative volume
concentration of Ni, a ferromagnet with a Curie tem-
perature of 627 K, in hybrid Ni-Pb granular structures,
where Pb is a spin-singlet superconductor with a bulk
critical temperature of Tc,0 = 7.2 K. We find a rela-
tively slow decay of Tc followed by saturation as the
Ni concentration is increased. Motivated by previous re-
search conducted on granular mixtures of a superconduc-
tor and a non-magnetic normal metal13, we compared our
measurements with the theories developed for SF bilay-
ers4 and FSF trilayer models14,15, with the layer thick-
ness ratio replaced by the relative volume concentrations
P [Ni]/(1−P [Ni]). Between the bilayer and trilayer mod-
els, we find that the measured dependence of the critical
temperature Tc on this ratio can be reasonably explained
only by invoking the trilayer model, where triplet Cooper
pairs can come into play.
II. SAMPLE PREPARATION
The systems studied were two dimensional random Ni-
Pb granular mixtures, with various ferromagnetic com-
positions, deposited on a GaAs substrate. Two sets of
8 samples were prepared separately, using a typical pho-
tolithography liftoff technique in a four terminal Hall bar
configuration, with gold ohmic contacts evaporated using
an e-gun. The variation of the Ni relative volume concen-
trations was achieved by a co-sputtering technique, using
a specially designed shutter, which exposed the samples
in sequence to a constant Pb sputtering power, and si-
multaneously, to an increasing Ni sputtering power. The
overall height of the samples did not exceed 500 A˚, in
compliance with the Cooper limit16–18, where the grain
size is not much larger than the superconducting coher-
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2FIG. 1. ESEM backscattered electron micrograph of a typ-
ical Pb-Ni sample with P [Ni]/(1 − P [Ni]) = 0.241. Bright
regions correspond to higher atomic numbers, and therefore
correspond to Pb grains.
ence length (see Subsec. IV A below). A 200 A˚ protective
layer of Ge was evaporated in situ on top of the films
to prevent oxidization. Energy-dispersive spectroscopy
(EDS) X-ray analysis was performed in order to deter-
mine the chemical composition and the relative volume
concentration P [Ni]/(1 − P [Ni]) for each sample. Due
to inhomogeneities of grain sizes and distribution in the
samples, seen in Figure 1, the volume concentration was
calculated as the mean of five different points measured
across the sample, while the error was calculated accord-
ing to the standard deviation of these measurements.
Transport measurements were performed in a 4He cryo-
stat, with a temperature range of down to 1.5 K, using a
standard AC lock-in technique.
III. EXPERIMENTAL DATA
Resistivity versus temperature measurements were car-
ried out at cryogenic temperatures down to 1.5 K for two
different sets of samples with relative volume concentra-
tions varying between 0.038 < P [Ni]/(1−P [Ni]) < 0.313.
A superconductivity phase transition was observed for all
of the samples, while a full phase transition, defined by
the experimental observation of zero resistivity, was mea-
sured for all samples with P [Ni]/(1 − P [Ni]) < 0.246.
Typical transition curves for four of the samples are
shown in Figure 2(a). For each sample, the transition
temperature Tc was defined as the temperature for which
the resistance reached half of its value at the normal state
above the critical temperature of bulk Pb, Tc,0 = 7.2 K.
Figure 2(b) presents the critical temperature measured
for each sample of the two different sets, shown as black
and red data points. The large horizontal error bars in
the data points are caused by inhomogeneities of the
given sample, originating in the co-sputtering method.
These inhomogeneities were observed in the elemental
analysis of the different samples. Furthermore, it was ap-
parent from backscattered environmental scanning elec-
tron microscope (ESEM) micrographs of the samples (see
Figure 1), in which only large Pb grains could be resolved,
that the grains vary in size (20-200 nm). This lead us to
believe that our structures might exhibit bi-modal behav-
ior, with large Pb grains that are far apart (not perco-
lating), and much smaller Pb and Ni grains. This means
that Tc changes locally, and that the Tc we measured is
the highest of a cluster of grains with similar parameters
which percolate through the structure. This will be taken
into account in the theoretical analysis of our data. Ad-
ditionally, given the range of superconducting coherence
lengths, calculated using our measurements of the resis-
tance at the normal state above the transition for each
of the samples and the second critical field Hc2 measured
only for samples that exhibited a full phase transition
(see Figs. 3 and 4) according to the Ginzburg-Landau
theory in the dirty limit19, it is evident that most sam-
ples are in the Cooper limit16–18, i.e., the grains are not
too large as compared to the superconducting coherence
length, as will be explained in the next section.
The two different sets of data, shown in Figure 2(b),
feature non-monotonic behavior, with local minima and
a maxima that occur around P [Ni]/(1 − P [Ni]) ≈ 0.22.
However, taking into account the error bars in the rel-
ative Ni volume concentration and the measured transi-
tion temperatures, the claim of this observation cannot
be decisive. If these non-monotonic variations were con-
clusive, that would clearly indicate the formation of pi
junctions resulting from the contribution of spin-triplet
Cooper pairs6. Therefore, in our analysis below we em-
ployed two different models: a trilayer model, which takes
into account the spin-triplet component4, and a bilayer
model that does not14.
IV. ANALYSIS
A. ESTIMATION OF THE
SUPERCONDUCTING COHERENCE LENGTH
According to the Ginzburg-Landau theory, the criti-
cal magnetic field is given by Hc2 ∼ Φ0/2piξ2, where
Φ0 is the flux quantum, and ξ is the Ginzburg-Landau
coherence length. Therefore, in the dirty limit, where
ξ ∼ √ξ0`/(1 − T/Tc), with ξ0 the BCS coherence
length and ` the mean free path19, one would expect
Tc(1−T/Tc)/(Hc2/R) to attain a constant value, where
R is the sheet resistance per square of each sample. Fig-
ure 5 shows this ratio plotted for each measured sample.
One can immediately notice an almost constant trend
line, averaging at 5.1 ± 0.4 Ω K/T, for all samples with
P [Ni]/(1 − P [Ni]) > 0.1, with the exception of the sam-
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FIG. 2. (Color online) (a) Resistance (normalized by the nor-
mal state resistance) as a function of temperature, for typical
granular Pb-Ni samples. (b) Critical temperature measured
as a function of the relative Ni volume concentration per sam-
ple for two data sets. Black: First batch of samples. Red:
Second batch of samples.
ple with the highest Ni concentration. Thus, from the
critical magnetic field shown in Figure 4, we obtain an
average coherence length of ξs = 200 A˚ for our samples.
The success of the Ginzburg-Landau description of the
behavior of Hc2 indicates that most of our samples are in
the Cooper limit16–18, i.e., the size of the typical grains
is comparable to the Ginzburg-Landau coherence length.
This also offers a possible explanation for the deviations
from this description for lower relative volume concentra-
tions of Ni, where Pb grains tend to be larger, and thus
are no longer in the strict Cooper limit.
B. CRITICAL TEMPERATURE FOR
MULTILAYERED STRUCTURES
While the layered SF structures were well studied4,5,14,
theoretical modeling of granular SF mixtures is lacking.
Following successful attempts made in the past to de-
scribe granular normal metal-superconductor (NS) mix-
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FIG. 3. (Color online) Resistance at 300K normalized by the
normal state resistance (measured just above the supercon-
ducting transition) as a function of relative Ni volume con-
centration.
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FIG. 4. (Color online) Measured magnetic field at T = 1.5 K
as a function of the relative Ni volume concentration per sam-
ple.
tures as multilayered structures6, we attempt a similar
approximate description for the current system. Its semi-
quatitative validity is supported by the fact that most of
our samples are in the Cooper limit, as discussed above.
We will therefore compared our data to two existing
models of layered SF structures: a bilayer and a tri-
layer. The latter model involves more than one F layer.
In the generic case, when the magnetization directions
of these layers are not collinear (which definitely fits
our systems), it inherently invokes the contribution of
a superconducting triplet component. The possibility of
generating a triplet superconducting component due to
the proximity effect between singlet superconductors and
non-homogeneous ferromagnets is interesting, since such
a component would not be sensitive to the ferromagnetic
exchange field, thus the critical temperature would de-
cay more slowly, or even display reentrant behavior with
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FIG. 5. (Color online) Comparison of the critical field (at T =
1.5 K) and normal state resistance data (Figs. 3 and 4) to the
Ginzburg-Landau theory, according to which the ratio Tc(1−
T/Tc)/(Hc2/R) should be constant. One could easily notice
that for larger values of relative volume concentrations, in
the range 0.1–0.2, the data is concentrated around an average
value of 5.1 ± 0.4 Ω K/T, with a correlation coefficient of
R2 = 0.54, which implies a weak correlation.
a peak as function of the F layer thickness.
Lo¨fwander et al.14 developed an effective method to
numerically calculate Tc in diffusive hybrid SF layered
structures, generalizing Fominov’s treatment4 to the case
of asymmetric multilayers. Let us briefly describe their
work, concentrating on the simpler case of a trilayer, con-
sisting of a superconductor sandwiched between two fer-
romagnets (FSF).
In diffusive structures the Green function is nearly
isotropic. Near Tc the energy gap is small, and hence
the standard Green function is approximately equal to
the its normal-state value, while the anomalous Green’s
function is proportional to the energy gap.
In this case, one could use Usadel’s linearized diffu-
sion equation for the anomalous Green’s function, taking
into account both the spin singlet and spin triplet compo-
nents, f = (fs+~σ · ~ft)iσy, where ~σ are the Pauli matrices.
Assuming that the spatial dependence in the structure is
only along the normal to the interface (the x axis), the
Usadel equations take the form:(
~D(x)∂2x − 2|n|
)
fs(x) = −2pi∆(x) + 2isgn(n) ~J(x) · ~ft(x),(
~D(x)∂2x − 2|n|
)
~ft(x) = 2isgn(n) ~J(x)fs(x), (1)
where ~ is Planck’s constant, D(x) denotes the diffusion
constant (taking values Ds and Dfi in the S and the two
F layers, i = 1, 2, respectively), and n = pikBT (2n +
1) are fermionic Matsubara energies (kB is Boltzmann’s
constant and n is an integer). ~J(x) is nonzero in the
ferromagnetic layers, where it is a constant Ji (i = 1, 2)
equal to the ferromagnetic exchange energy normalized
by the bulk superconductor transition temperature Tc0.
For simplicity, in the following we will take Df1 = Df2 =
Df and J1 = J2 = J . Additionally, the gap ∆(x) is
nonzero only in the superconducting regions, where it
satisfies the self-consistency equation:
∆(x) ln
T
Tc0
= T
∑
n
(
fs (n, x)− pi∆(x)|n|
)
. (2)
These equations are supplemented by the following
boundary conditions, that depend on the coherence
lengths in each layer, ξs =
√
~Ds/2pikBTc0 and ξf =√
~Df/2pikBTc0:
γξf∂xf(xf ) = ξs∂f(xs),
γbξf∂f(xf ) = ± [f(xs)− f(xf )] , (3)
where xs and xf denote the superconducting and fer-
romagnetic sides of each SF boundary, and the sign in
the second equation is positive at an FS interface and
negative in the SF case. Here, γ = ρsξs/ρfξf and
γb = RbA/ρfξf are proportional, respectively, to the ra-
tio between the normal-state resistivities of the S and F
materials (ρs and ρf ) and the normalized resistance of
the SF boundary (Rb per boundary area).
In addition, ∂xf = 0 at the outer boundaries. One
could easily show that for ~ft‖ ~J , ft becomes a scalar, and
the above equations become equivalent to the equations
and boundary conditions developed by Fominov for an
SF bilayer4. The analytical and numerical solution of
these equations14 is summarized in the Appendix.
Let us now discuss the values of the parameters ap-
pearing in these equations. In our system the supercon-
ducting critical temperature of bulk Pb is Tc0 = 7.2 K,
and the exchange interaction of Ni is Eex = 200 meV, as
extracted from SF multilayer measurements20, leading to
J = Eex/kBTc0 = 322. Since the samples were grown as
a mixture in situ, there should not be any barrier asso-
ciated with the oxide at the inter-grain boundary. Thus
the transparency for the trilayer model between the two
materials should be high, and we set γb = 0.
We now turn to γ = ρsξs/ρfξf , which is more com-
plicated to estimate. From their definitions, ξs/ξf =√
Ds/Df . Hence, since D ∝ 1/ρN , where N is the den-
sity of states, we find γ =
√
ρsNf/ρfNs.
Now, the normal state resistivities one needs to plug
into this relation are those of the intra-grain material at
low temperatures in the normal state. We can estimate
those using values of the room temperature resistivities
appearing in the literature. Here one must recall that
room temperature resistivities are given for pure materi-
als, where scattering, and therefore the mean free path,
are governed by electron-phonon interactions. At low
temperatures and in a granular material the mean free
path for electronic scattering will be set by the grain size.
Therefore, we estimate the normal resistivity of Pb
using the room temperature value, normalized by the
room temperature to low-temperature resistivity ratio
factor, taken from our measurements in Figure 3: ρs =
ρs,Room/RR, where ρs,Room = 22 · 10−8Ωm21 and RR ≈
3.
5Our experience with Ni films grown in similar condi-
tions give an estimate of ρf = 5 · 10−7Ωm for the low
temperature resistivity22 of Ni. For the density if states
of Ni we will use the value for the s band, which domi-
nates transport. Taking the Fermi energy of s-electrons
in Ni to be Ef = 4.35eV , and the effective mass to
be 1.5 times the electron mass23, we find a density of
states of Nf = 0.31(eV atom)
−1. Plugging in the den-
sity of states calculated from the superconducting criti-
cal temperature24 of Pb, Ns = 0.276(eV atom)
−1, we find
that a reasonable value of γ is around 0.4.
In the following fits we use as a fitting parameter the
value of γ for low Ni concentration, and then adjust it
for other values of P [Ni] using the relation γ ≈√ρs/ρf ,
assuming that ρf is approximately constant between the
samples (since the Ni grain size does not seem to vary),
and using the data from Figure 3 to track the changes in
ρs.
Finally we discuss the different length scales appearing
in the theoretical model. The coherence length ξs in Pb
is estimated to be 200 A˚for the higher Ni concentrations,
as found in Subsec. IV A above. ξf for high Ni concentra-
tion is then determined by ξf/ξs ≈
√
ρs/ρf ≈ γ, and it
is assumed that it is does not vary much with P [Ni], due
to the approximate constancy of the Ni grain sizes. The
total width of the F layers is set to P [Ni] times 500 A˚ (the
thickness of our granular films); For a bilayer this is just
df , while for the FSF trilayer this determines df1 + df2,
while the ratio df1/df2 is taken as 2 (the results were
found to be insensitive to the exact value of this ratio).
As for ds, it should represent the Pb grain size, and thus
ds ∼ 1/ρs according to the above considerations. The re-
sults only depend on ds/ξs ∼ 1/√ρs. We use its value for
high Ni concentration (where the Pb grain size is about
1000 A˚ and ξs is close to 200 A˚, so their ratio should
be between 4–6) as a fitting parameter, and adjust it to
other values of P [Ni] using its dependence on ρs and the
data from Figure 3. In the FSF case we take the angle be-
tween the magnetizations of the two F layers as θ = pi/2,
after verifying that our results are not too sensitive to its
precise value.
To conclude, we are left with only two fitting parame-
ters: (a) the values of γ for low Ni concentration, which
can vary between 0.3–1; (b) the size of ds/ξs for high Ni
concentrations, which can vary between 4–6. With those
parameter values we have tried to fit our data to the bi-
layer and trilayer theories. As can be seen in Figs. 6 and
7, only the latter can reasonably fit the data but not the
former. The best fit was achieved for a trilayer model
with values of γ ranging from 0.34 for low Ni concentra-
tions to 0.51 for high concentrations, and ds/ξs ranging
from 5.4 for high Ni concentrations to 8 for low concen-
trations. The same parameters plugged into the bilayer
model did not result in a good fit to our data. In this
model, the change of Tc with P [Ni]/(1−P [Ni]) is weaker
than that of the trilayer model.
Tweaking the values of ds/ξs in this case improved
the fit for high Ni concentrations, but failed to simulta-
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FIG. 6. (Color online) (a) Black crosses: Tc/Tc0 as a function
of the relative Ni volume concentration in the experiment (as
in Figure 2). Red circles: Theoretical calculation of Tc/Tc0
as a function of the relative Ni volume concentration within
the SF bilayer model4, with γ ranging from 0.34 for low Ni
concentrations to 0.51 for high Ni concentrations, and ds/ξs
ranging from 8 for low Ni concentrations to 5.4 for high Ni
concentrations. Green squares: The same as the red circles,
but with ds/ξs ranging from 2.6 for low Ni concentrations to 4
for high Ni concentrations. (see the text for details and other
parameters) (b) Black crosses: Same as (a). Blue triangles up:
Theoretical calculation of Tc/Tc0 as a function of the relative
Ni volume concentration within the SF bilayer model4, with
J = 150. Here γ and ds/ξs are as red circles in (a). Brown
triangles down: Same as the previous case, but with J = 1000.
neously agree with our data for low Ni concentrations.
Figure 6(b) shows examples of calculations of Tc vs.
P [Ni]/(1 − P [Ni]) within the bilayer model for different
limits of J = Eex/kBTc0 (J = 150 and J = 1000). One
sees that a reasonable fit is achieved for an unreason-
ably low value of J , which is not consistent with previ-
ous measurements20, since J = 150 is equivalent to an
exchange energy of around 90meV. This is an evidence
for the importance of the interplay of multiple Ni grains
in our samples, which (in the generic case, where their
magnetization vectors are not collinear), should result in
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FIG. 7. (Color online) Black crosses: Tc/Tc0 as a function
of the relative Ni volume concentration in the experiment (as
in Figure 2). Red circles: Theoretical calculation of Tc/Tc0
as a function of the relative Ni volume concentration within
the FSF trilayer model4, with γ ranging from 0.34 for low Ni
concentrations and 0.51 for high Ni concentrations, and ds/ξs
ranging from 5.4 for high Ni concentrations to 8 for low Ni
concentrations (see the text for details and other parameters).
spin-triplet Cooper pairs.
Non-monotonic behavior is expected in multilayered
SF structures with more than one S layer, in which a
pi Josephson junction may occur; this effect can be im-
portant in the variation of Tc, as was verified in past
experiments6. In our granular systems, which are a mix-
ture of grains with different sizes, it seems likely that
such an effect will average out, and therefore we did
not try to incorporate it into our theoretical calculations
(using a pentalayer FSFSF structure). Still, the non-
monotonicity of our data around P [Ni]/(1−P [Ni]) = 0.2
might be another indication for the role played by spin-
triplet superconductivity in our samples. While the claim
for non-monotonicity is not conclusive, we were unable to
find a single set of parameters in the bilayer model that
simultaneously fits our data in the low relative volume
concentrations regime of Ni/Pb and in the high relative
volume concentration regime.
V. CONCLUSIONS
In conclusion, in this work we examined the super-
conducting transition in SF Pb-Ni granular films with
varying composition. We have fitted them to approxi-
mate SF layered models, and found that with reasonable
values of the parameters, an agreement could only be ob-
tained with a trilayer model, but not with a bilayer one.
This hints at the importance of triplet Cooper-pairing
in our samples, which results from the variation of the
magnetization direction between different Ni grains.
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Appendix: SOLUTION OF THE USADEL
EQUATIONS FOR FSF TRILAYERS
In this Appendix we describe the analytical and nu-
merical scheme devised by Lo¨fwander et al.14 for the so-
lution of the Usadel equations (1)–(3) of a FSF trilayer,
which we have employed in our calculations. In the su-
perconducting region, the two Usadel equations [Eq. (1)]
are decoupled, and the triplet component can be solved
for analytically:
~ft(x) = ~c cosh(ksx) + ~d sinh(ksx), (A.1)
where ks =
√
2|n|/Ds. The presence of the ferromag-
netic regions is reduced to an effective boundary condi-
tion for the calculation of the singlet component in the
superconducting region, 0 < x < ds:(
∂xfs(0)
∂xfs(ds)
)
= ks
(
W11 W12
W21 W22
)(
fs(0)
fs(ds)
)
, (A.2)
where the coefficients Wij are determined by plugging
the solutions for fs into the original boundary conditions,
Eq. (3):
W11 =
C+ (B+I−,− +B−I+,−) + C− (B+I−,+ +B−I+,+)
J
,
W22 = −D+ (A+I−,− +A−I−,+) +D− (A+I+,− +A−I+,+)
J
,
W12 =
2K20 cos
2 θ (B−D+ −B+D−) (A−C+ −A+C−)
J
,
W21 = −W12, (A.3)
with:
Aj = cosh (kj1df1) + γb1kj1ξf1 sinh (kj1df1) ,
Bj = cosh (kj2df2) + γb2kj2ξf2 sinh (kj2df2) ,
Cj = γ1kj1ξf1 sinh (kj1df1) /ksξs, (A.4)
Dj = γ2kj2ξf2 sinh (kj2df2) /ksξs,
Kj = (BjC0 +DjA0) cosh (ksds) + (BjA0 +DjC0) sinh (ksds) ,
for j = 0,±, with k±i =
√
(2n ± 2iJi) /Dfi, k0i =√
2n/Dfi, and θ being the angle between the magne-
tization vectors of the two ferromagnetic layers. In addi-
tion:
7J = A+B+I−,− +A−B−I+,+ +A+B−I+,− +A−B+I−,+, (A.5)
where:
I′ = −2K0 cos θ[
(
KB0 sin
2 θ +K0B cos
2 θ
)
(A′ sinh (ksds) + C′ cosh (ksds))
+
(
KD0 sin
2 θ +K0D cos
2 θ
)
(C′ sinh (ksds) +A′ cosh (ksds))]. (A.6)
In order to calculate Tc, we can consider the first
Usadel equation in the superconducting region, where
~J = 0, and obtain:
fs(n, x) = pi
ds∫
0
G(n, x, y)∆(y)dy, (A.7)
in terms of the appropriate Green function G(n, x, y).
The gap equation then assumes the form:
2piT
∑
n>0
∫ ds
0
G(n, x, y)∆(y)dy
ln TTcs + 2piT
∑
n>0
(n)−1
= ∆(x). (A.8)
Lofwander et al. proposed to solve this equation using a
spatial Fourier series expansion of ∆(x)
∆(x) =
∞∑
p=0
∆p cos
(
ppix
ds
)
, (A.9)
where the coefficients ∆p are:
∆p =
2− δp0
ds
∫ ds
0
∆(x) cos
(
ppix
ds
)
dx. (A.10)
Consequently, in the Fourier coefficient space, the gap
equation is written as:∑
p=0
mlp∆p = 0, (A.11)
for integer l ≥ 0, where
mlp = 4piT
∑
n>0
1
n
blpβlβp, (A.12)
mll = (1 + δl0) ln
T
Tcs
+ 4piT
∑
n>0
1
n
[
bllβ
2
l +
1
2
(1− βl)
]
,
with blp given by:
blp =
[
W11 − (−1)l+pW22 + (−1)pW12 − (−1)lW21
]
sinh (ksds) + det (W )
{
(−1)p + (−1)l −
[
1 + (−1)l+p
]
cosh (ksds)
}
ksdsL
,
(A.13)
in which
L = W12 −W21 + (W11 −W22) cosh (ksds) + [1− det (W )] sinh (ksds) . (A.14)
Eq. (A.11) can be solved numerically by introducing
a cutoff pc for the number of harmonics, and finding the
critical temperature as the highest temperature for which
the eigenvalue of the pc×pc matrix mlp equals 0. In order
to speed up the numerical calculations one may separate
the matrix mlp into two terms:
mlp = m¯lp +Rlp, (A.15)
where m¯lp includes the sum in Eq. (A.12) up to a cutoff
c, while the term Rlp is the sum from c to infinity, which
is approximated by an integral:
Rlp = δlp
1
pi
ln
(
1 +
p2
d˜s
2
Tc0
c
)
+
2
pi2
1
d˜s
Ilp (A.16)
Ilp =
∫ ∞
c/Tc0
c1
√
x+ c2x(
x+ l
2
d˜s
2
)(
x+ p
2
d˜s
2
)
(c3 + c4
√
x+ c5x)
dx.
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